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$N$- weights $P(M, N)$
$P_{1}(M, N)=\{E\in P(M, N);\sigma_{t}^{E}=id\}$
$E_{1}(M,N)=\{E\in P_{1}(M,N);E(1)=1\}$
$P(M)=P(M, \mathbb{C}),$ $P_{1}(M)=P_{1}(M, \mathbb{C}),$ $E_{1}(M)=E_{1}(M, \mathbb{C})$
A.Connes Spatial [C] - $\varphi\in P(N)$ $\psi\in P(M’)$
Spatial $\Delta(\varphi/\psi)$ $\sigma_{t}^{\varphi}=Ad\Delta(\varphi/\psi)^{it}|_{M}$ ,
$\sigma_{t}^{\psi}=Ad\Delta(\varphi/\psi)^{-it}|_{M’}$ Tonita-
Takesaki U.Haagerup[Ha] weight
weight $P(M, N)$ $P(N’, M’)$
$P(M, N)\ni E\mapsto E^{-1}\in P(N’, M’)$
Haagerup $E^{-1}$ Spatial $\Delta((\varphi\circ E)/\psi)=$
$\Delta(\varphi/(\psi\circ E^{-1}))(\varphi\in P(N), \psi\in P(M’))$
$E^{-1}$ 1 $E^{-1}(1)$ coupling constant
[Ko] Jones
$E\in P(M, N)$ $E$ $N’\cap M$ $E^{c}$ $E$ $N’\cap M$
Z(M)- weight
U.Haagerup weight [Ha] $E^{c}$
( )
A. (U.Haagerup[Ha])
$E\in P(M, N)$ $E^{c}$ ( $E^{c}\in P(N’\cap$
$M,$ $Z(M))$ $E\in P(M, N)$ $E^{c}$





(2) $E\in E_{1}(M, N)$ $(E^{-1})^{c}\in P_{1}(N’\cap M, Z(M))$






$R(M, N)$ $\Leftrightarrow E_{1}(M, N)\neq\phi$
$R(M, N)$ $\Leftrightarrow E_{1}(N’, M’)\neq\phi$
( ) $=$ ( )\wedge ( )
unimodular $(\sigma_{t}^{E}=id)$
$R(M, N)$ $E\in E_{1}(M, N)$ $\tau\in$
$E_{1}(Z(N))$ $\tau oE^{c}\in E_{1}(N’\cap M)$ $E\in E_{1}(M, N)$
$\tau\circ E^{c}=\tau$ $\tau\in E_{1}(N’\cap M)$
$\tau$ $\tau\circ F^{c}=\tau$ $F\in E_{1}(N’, M’)$
A $N’\cap M$ $\tau$ $E$
$F$ canonical $\circ$
ET$(M, N)=\{(E,\tau);E\in E_{1}(M,N),\tau\in E_{1}(N’\cap M)s.t. \tau oE^{c}=\tau\}$
\langle $(E, \tau)\in ET(M, N)$ $F$ $\tau$ $E$
standard $E’$
:ET$((M, N)\ni(E, \tau)\mapsto E\in E_{1}(M, N)$
3
4\supset $(E, \tau)\in ET(M, N)$ \supset 2 :Haagerup $E^{-1}$
standard $E’$ $P_{1}(N’, M’)$
$dE^{-1}/dE’$ $E$ index$E$
1.2.
$R(M, N)$ $(E, \tau)\in ET(M, N)$ $Z(N’\cap$
$M)$ affiliate $A(\geq I)$
( 1 )
(1 ) $A=d(\tau\circ(E^{-1})^{c})/d\tau$ on $N’-\cap M$
(2 ) $A=d(\varphi\circ E^{-1})/d(\varphi oE’)$ for $\varphi\in P(M’)$
(3 ) $[E^{-1} :E’]_{t}=A^{it}$ . \supset [:] Connes cocycle
(4 ) $E^{-1}(x)= \sup E’(a_{n}^{1/2}xa_{n}^{1/2})(x\in(N’)^{+})$ $\{a_{n}\}(a_{n}\in$
$Z(N’\cap M)^{+})$ $A= \sup_{n}a_{n}$
(2 weight Pedersen-Takesaki
) $A=dE^{-1}/dE’$ $E\in E_{1}(M, N)$ $\tau$
Y $I_{\tau}^{E}(M|N)$ $Z(N’\cap M)=\mathbb{C}$
$E_{1}(M, N)$ ( ) $E_{0}$





$M\supset N$ (on $H$) 1 $M_{1}\supset N_{1}$
(on $K$ ) normal $\alpha$ $\alpha(M)=M_{1}$ $\alpha(N)=N_{1}$
$\alpha$ ( )
$\alpha_{*}:$ $E_{1}(M, N)\ni E\mapsto\alpha_{*}(E)=\alpha oEo\alpha^{-1}\in E_{1}(M_{1}, N_{1})$
$\alpha$ : $N’\cap Marrow N_{1}’\cap M_{1}$
4
5$\overline{\alpha}:\overline{Z(N’\cap M)}^{+}arrow\overline{Z(N_{1}’\cap M_{1})}^{+}s.t$. $\overline{\alpha}|_{Z(N’\cap M)}=\alpha$
$Y\alpha_{*}:$ $E_{1}(N’\cap M)\ni\tau-\tau\circ\alpha^{-1}\in E_{1}(N_{1}’\cap M_{1})$
$R(M, N)$ $\Leftrightarrow^{-}R(M_{1}, N_{1})$




$R(M, N)$ $\Leftrightarrow R(N’, M’)$
$(E, \tau)\in ET(M, N)$
$I_{\tau}^{E}(M|N)=I_{\tau}^{E’}(N’|M’)$
2-3 ( )
2 $M_{1}\supset N_{1}$ $M_{2}\supset N_{2}$
$R(M_{1}, N_{1}),$ $R(M_{2}, N_{2})B_{1}^{*}$
$R(M_{1}\otimes M_{2}, N_{1}\otimes N_{2})$ $\Leftrightarrow$
$(E_{i}, \tau_{i})\in ET(M, N)$ $(i=1,2)$
$I_{\tau_{1}\otimes\tau_{2}}^{E_{1}\otimes E_{2}}(M_{1}\otimes M_{2}|N_{1}\otimes N_{2})=I_{\tau_{1}}^{E_{1}}(M_{1}|N_{1})\otimes I_{\tau_{2}}^{E_{2}}(M_{2}|N_{2})$
$2-4$ ( )
$M\supset N$ $Z(N’\cap M)$ $A$
$L=M\cap A’$ $L=N\vee A$ $M\supset L\supset N$
$R(M, N)$ $\Leftrightarrow R(M, L)$ $R(L, N)$
5
6$(E,\tau)\in ET(M, N)$ $E=E_{2}oE_{1}$
$E_{1}\in E_{1}(M, L)(\tau\circ E_{1}^{c}=\tau)$ $E_{2}\in E_{1}(L, N)(\tau oE_{2}^{c}=\tau)$
$I_{\tau}^{E}(M|N)=I_{\tau}^{E_{1}}(M|L)I_{\tau}^{E_{2}}(L|N)$
2-5 ( I)
$M\supset N$ $Z(M)\cap Z(N)$
$B$ standard $(\Gamma, \mu)$








$N’\cap M$ $Z(M)$ $\{e_{i}\}_{i\in I}$ , $Z(N)$
$\{f_{j}\}_{j\in J}$ $Z(N’\cap M)$ $\{p_{k}\}_{k\in K}$
(1),(2) $,(3)$
(1) $R(M, N)$
(2) $\forall i\in I,$ $\forall i\in J$ $R(M_{e;f_{j}}, N_{e;f_{j}})$
(3) $\forall k\in K$ $[M_{p_{k}} : N_{p_{k}}]<+\infty$
6
7$(E, \tau)\in ET(M, N)$ $M_{e_{i}f_{j}}=M_{ij},$ $N_{e;f_{j}}=N_{ij}$ $\tau_{ij}$
$N_{ij}’\cap M_{ij}$ $\tau$ $E_{ij}$ $\tau_{ij}\circ E_{i^{c_{j}}}=\tau_{ij}$
J $N_{ij}$
$I_{\tau}^{E}(M|N)= \sum_{i,j}(\tau(e_{i})\tau(f_{j})/\tau(e_{i}f_{j})^{2})I_{\tau_{ij}}^{E}:j(M_{ij}|N_{ij})e_{i}f_{j}$ .
| $i,j$ $e_{i}f_{j}\neq 0$ $M$ $N$
$I_{\tau}^{E}(M|N)= \sum_{k\in K}([M_{p_{k}} : N_{p_{k}}]/\tau(p_{k})^{2})p_{k}$ .
2.7.
(i) $M$ $N$ $R(M, N)$
$N’\cap M$ $Z(N’\cap M)$ $p$
$[M_{p} : N_{p}]<+\infty$
(ii) $R(M, N)$ $N’\cap M$ I
3.
[Kol $E\in E_{1}(M, N)$ $E$ index$E$
$=E^{-1}(1)$ $Z(M)$ extended positive part $\overline{Z(M)}^{+}$
$M\supset N$ index$E$ index$E\in$
$Z(M)^{+}$ $E\in E_{1}(M, N)$ $R(M, N)$
Pimsner-Popa
$M\supset N$ $\tau\in E_{1}(M)$
$H_{\tau}(M|N)$
: :
B. (Pimsner-P$opa[PP- 1|$ )










(a) $M\supset N$ $\circ$ $R(M, N)$
$R(M, N)$ $R(- M, N)$ $(E, \tau)\in$
$ET(M, N)$ indexE $=E’(I_{\tau}^{E}(M|N))$ .
(b) $M\supset N$ $II_{1}$ $R(M, N)$
$R(M, N)$ $R(M, N)$
$(E, \tau)\in ET(M, N)$ $H_{\tau}(M|N)=\tau(1ogI_{\tau}^{E}(M|N))$ .
$(E, \tau)\in ET(M, N)$ -
$K_{\tau}^{E}(\dot{M}|N)=\{\begin{array}{l}\tau(logd(\tau oE^{-1})/d\tau).R(M,N\cdot)\text{ }+\infty*\otimes\{tL-\end{array}$















(a) index$E_{1}\otimes E_{2}=indexE_{1}\otimes indexE_{2}$










(a-2) indexE $=\Sigma_{k}([M_{p_{k}} : N_{p_{k}}]/\tau(p_{k}))$
(b-2) $K_{\tau}^{E}(M|N)=\Sigma_{k}\{(\tau(p_{k})1og[M_{p_{k}} : N_{p_{k}}]+2\eta(\tau(p_{k}))\}$
3.7.
3-6 (a-2) local index [$J- 1|$ -Lemma










$M\supset N$ $L_{1}=M\cap Z(N’\cap M)’,$ $L_{2}=N\vee Z(N’\cap M)$
$M\supset L_{1}\supset L_{2}\supset N$ 2-4
$R(M, N)$ $R(M, L_{1}),$ $R(L_{1}, L_{2}),$ $R(L_{2}, N)$
$(E, \tau)\in ET(M, N)$ $E_{i}(i=1,2,3)$
$E_{1}$ $E_{2}$ $E_{3}$
$Marrow L_{1}arrow L_{2}arrow N$







$I_{\tau}^{E_{2}}(L_{1}|L_{2})$ $Z(N’\cap M)\cong L^{\infty}(\Gamma,\mu)$
$I_{\tau}^{E_{2}}(L_{1}, L_{2}) \cong\int_{\Gamma^{\oplus}}[L_{1}(\gamma) : L_{2}(\gamma)]d\mu(\gamma)$
$Z(L_{2}(\gamma)’\cap L_{1}(\gamma))=\mathbb{C}$ for $\mu-a$ $a$ . $\gamma\in\Gamma$
$R(M, N)$ $M\supset N$
2.7 $Z(N’\cap M)$
$\{p_{k}\}_{k\in K}$
(2) $\{\begin{array}{l}I_{\tau}^{E_{1}}(M|L_{1})=\sum_{k\in K}\frac{1}{\tau(p_{k})}p_{k}I_{\tau}^{E_{2}}(L_{1}|L_{2})=\sum_{k\in K}[M_{p_{k}}N_{p_{k}}]p_{k}I_{\tau}^{E_{3}}(L_{2}|N)=\sum_{k\in K}\frac{1}{\tau(p_{k})}p_{k}\end{array}$
10
$(1)-$








(b) $\{\begin{array}{l}K_{\tau}^{E_{1}}(M|L_{l})=\sum_{k\in K}\eta(\tau(p_{k}))K_{\tau}^{E_{2}}(L_{1}|L_{2})=\sum_{k\in K}\tau(p_{k})log[M_{Pk}N_{Pk}]p_{k}K_{\tau}^{E_{3}}(L_{2}|N)=\sum_{k\in K}\eta(\tau(p_{k}))\end{array}$
$K_{\tau}^{E}=K_{\tau}^{E_{1}}+K_{\tau}^{E_{2}}+K_{\tau}^{E_{3}}$
[ 2]
$M\supset N$ $L$ $L=N\vee Z(M)$ $M\supset L\supset N$








[Ka-Y] $H_{\tau}(M|L),$ $H_{\tau}(L|N)$ $M$
$II_{1}$ $K_{\tau}(M|L)=H_{\tau}(M|L),$ $K_{\tau}(L|N)=H_{\tau}(L|N)$
$0$ 3




$M$ $II_{1}$ 36 (b-2) $(*)$
$M$ I $(*)$
$M$ I $(*)$ $M=M(m)\otimes M(n),$ $N=M(m)\otimes \mathbb{C}$
$K_{\tau}(M|N)=1ogn^{2}$
$H_{\tau}(M|N)=\{\begin{array}{l}logn^{2}(m\geq n\emptyset\ovalbox{\tt\small REJECT})logmn(m<n\emptyset \mathbb{H})\end{array}$
I $K_{\tau}(M|N)=H_{\tau}(M|$
$N)$ I



















$R(M, L)$ $R(L, N)$ $\Leftrightarrow R(M, N)$
$M\supset L\supset N$ $E_{1}$ $\in E_{1}(M,$ $L)$ , $E_{2}\in$
$E_{1}(L, N)$ $E=E_{2}\circ E_{1}$ $E$ $M$ $N$
$\sigma_{t}^{E}=id$
(1) $E_{1}(M, N),$ $E_{1}(M,L),$ $E_{1}(L, N)$
(2) $E=E_{2}\circ E_{1}\in E_{1}(M, N)$
$\tau\circ E^{c}=\tau$ $\tau\in E_{1}(N’\cap M)$ 1
$(E, \tau)\in ET(M, N),$ $(E_{1}, \tau)\in ET(M, L),$ $(E_{2}, \tau)\in ET(L, N)$
$\tau$ $E,$ $E_{1},$ $E_{2}$ standard $E’,$ $E_{1}’,$ $E_{2}’$
$E’=E_{1}’oE_{2}’$ $E_{2}’$ $N’\cap L$
$\tau$ $N’\cap M$ $\tau$
$\rho=\tau oE_{2}’$ on $N’\cap M$ $\rho$ $N’\cap M$
state $p$ $\tau$ $\tau(\log(d\tau/d\rho))$
$S(\rho|\tau)$
5.1.









(3) $p=\tau$ $N’\cap M$ $\tau\circ E_{2}’=\tau$
(4) $E’=E_{1}’\circ E_{2}’$
(5) $E’=(E’|_{L’})oF$ $F\in E(N’, L’)$
(6) $\varphi\in P(M’)$ $\sigma_{t}^{\varphi oE’}(L’)=L’$





( ) $arrow$ Connes-Strmer, Pimsner-Popa
$H.(M|N)$
( ) $arrow$ , Uhinann
$S(\varphi|\psi)=\varphi(1og_{d\psi}^{d}\ovalbox{\tt\small REJECT})$
O Boltzmann-Gibbs-Shannon $arrow$ von Neumann, Segal
,
$S_{\psi}( \varphi)=\varphi(\log_{\varphi}\frac{d}{d}4)$














$M=P^{\infty}(I)$ ( $I$ ) $\{e_{i}\}_{\dot{f}\in I}$
$N$ $M$ $N\cong P^{\infty}(J)$ $\{f_{j}\}_{j\in J}$
$M$ $\tau(\tau\in E_{1}(M))$ $\tau$
$M$ $N$ $E$ $M$ $l^{2}(M, \tau)$
$E$ Haagerup $E^{-1}$ $e_{i}f_{j}\neq 0$















( $M$ $N$ $E$ )
(Peter-Weyl )




$M\supset N$ $R(M, N)$
$(E, \tau)\in ET(M, N)$ $I_{\tau}^{E}(M|N)$







(1) $(E,\tau)$ (i.e. $I_{\tau}^{E}(M|N)=\lambda$ , i.e. $E^{-1}=\lambda E’$ )









(4) $H(M|N)=\tau(1og[M:N])$ $\tau$ $M$
(5) $\tau’oE’=\tau’$ $\tau’$ $N’$
(6) $R(N’, M’)$




$G$ $W^{*}(G)$ $G$ $\lambda$
$B(\ell^{2}(G))$ $Tr$
$\tau(\tau=(1/|G|)Tr)$ $\tau$
$E$ $(E, \tau)$ $R(B(P^{2}(G)), W^{*}(G)),$ $R(W^{*}(G), \mathbb{C})$
$(u, H)$ $G$
$u \cong\sum_{\chi\in\hat{G}}\oplus m_{\chi}u^{\chi}$
( $m_{\chi}$ : )
17
18
$(E, \tau)$ $R(B(H), u(G)”)$ (




$X=\{1,2, \cdots, n\}$ $\mu$ $M=$




(3) $H_{\tau}(M|N)=\log n$ ( )
7.6.
$N’\cap M=\mathbb{C}$ basic construction
$N=M_{-1}\supset M=M_{0}\supset M_{1}\supset M_{2}\supset\cdots\supset M_{n}\supset\cdots$
$i,j(i>j)$ $R(M_{i}, M_{j})$
Pimsner-Popa Iteration [PP-2] 7.3
( )
Ocneanu paragroup ( )
8.
$G$ $M$
$G$ $M$ $\alpha$ $R(M, M^{\alpha})$ $\alpha$
18
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Act$f(G, M)=\{G$ $M$ $\alpha$ $R(M, M^{\alpha})$
} Jones [J-2] Act$f(G, M)$
$NS_{f}(G)=$ { $G$ $K$ $G/K$ }
$K\in NS_{f}(G)$ \mbox{\boldmath $\tau$} [J-2] Borel category \supset
$\Lambda(G, K)$ ( [Ka-2] )
$[\lambda,\mu]\in\Lambda(G, K)$ $X(\mu)=\{K$ \mbox{\boldmath $\mu$}
} $G$ $X(\mu)$
$\hat{\lambda}$ $(\hat{\lambda}_{g}(u))_{k}=\lambda(g,gkg^{-1})u_{gkg^{-1}}(g\in$
$G,$ $k\in K,$ $[u]\in X(\mu))$ $P(\lambda, \mu)=\{X(\mu)$
$\hat{\lambda}$-
} $H^{1}(K)^{G}$ $P(\lambda,\mu)$ $\eta$
$I(\lambda, \mu)$
$\alpha\in$ Act$f(G, M)$ 1 8.1
$K(\alpha)\in NS_{f}(G)$ $K=K(\alpha)$
$k\in K$ $\alpha_{k}=Adv_{k}$ $K$ Borel multiplier-
([M] ) $v$ multiplier $\mu$
$(\alpha_{g}(v_{k}))_{k}=\lambda(g,gkg^{-1})v_{gkg^{-1}}$ $G\cross K$ $T$- Borel $\lambda$
$(\lambda,\mu)$ $v$ $\alpha$
$[\lambda,\mu]\in\Lambda(G, K)$ $v$
$v\cong\Sigma_{\chi}^{\oplus}v^{\chi}$ $\{f_{\chi}\}_{\chi\in X(\mu)}$ $Z(v(K)”)$
$M$ $II_{1}$
$\tau$ $\{\tau(f_{\chi})\}$ $I(\lambda,\mu)$ $\alpha$
$\alpha\in$ Act$f(G, M)$ $G$ $K(\alpha)\in$
$NS_{f}(G),$ $\alpha$ $\Lambda(\alpha)=[\lambda, \mu]\in\Lambda(G, K(\alpha)),$ $\alpha$





(1) $(K(\alpha), \Lambda(\alpha),$ $\iota(\alpha))$ Act$f(G, R)$





$\chi\in X(\mu)$ $\tau(f_{\chi})\neq 0$
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